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PREFACE. 

The author offers in this little monograph a 
brief outline of the method used in his class room. 
While many teachers no doubt have followed much 
the same course, it is offered with the hope that 
to some young teacher it may be a suggestion that 
will lead to more effective teaching. The mono- 
graph is a revision of a paper read before the 
Michigan Schoolmasters' Club, in April, 1902. 
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METHOD IN GEOMETRY. 



Early Geometry. 

The oldest traces of geometry are found among 
the early Egyptians and Babylonians. Their 
knowledge was, however, empirical and made simply 
to serve practical purposes. Many of their rules 
were simple approximations ; the ratio of the cir- 
cumference of a circle to its diameter was known 
to be a little greater than 3, but in practical meas- 
urements the circumference was taken to be three 
times the diameter. 

A recent discovery of the papyrus written by 
Ahmes perhaps as early as 2000 B.C., gives us the 
earliest knowledge that we have of Egyptian geome- 
try. There is no attempt in the writings of Ahmes 
at a science of the subject ; there are no theorems 
or even general lines of procedure — the subject 
consists of a few special rules discovered by experi- 
menting and induction. Neither were all the rules 
accurate ; for example, the area of an isosceles tri- 
angle was found by taking half the product of the 
base by one of the equal sides. 

The geometry of the Egyptians and Babylonians, 
such as it was, was sought after and studied by the 
5 
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philosophers of Greece, and by the Greeks finally 
worked into a science. Thales (640 B.C. to 548 B.C.) 
and his pupil Pythagoras traveled and studied in 
Egypt and gave a valuable contribution to the sub- 
ject of geometry, the latter giving us the theorem 
known by his name; but it remained for Euclid, 
about 300 B.C., to give to the world the science of 
geometry. For clearness, of thought, exactness of 
truths, and excellence of logic Euclid is a model. 
With but slight change it has been used as a text- 
book for twenty-two hundred years. In England 
to-day his work holds almost universal sway. 

Just how much of Euclid's work was his own 
and how much was compiled from former discov- 
eries, is uncertain. It is known, however, that 
geometry did not come from the mind of Euchd 
"almost as perfect as Minerva from the head of 
Jove," but that a great deal of his material was 
drawn from Thales, Pythagoras and his school, and 
from Eudoxus. What Euclid did was to systema- 
tize the known knowledge of geometry and from 
it to discover new; that is, he began with definite 
ideas and self-evident truths, and, through a 
process of deduction, established the truth of such 
theorems as were handed down to him, and dis- 
covered some new ones. Whether he gave us 
much that was new or not, for the work he did he 
deserves to be ranked with the world's great edu- 
cators and philosophers. " Geometry is the per- 
fection of logic, EucHd is as classic as Homer." 
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The Educational Value of Geometry. 

Most studies are taught for two purposes : (i) for 
the facts which may be of practical value in daily 
life, or that one needs in order to be really intelli- 
gent ; (2) for the mental discipline to be obtained 
from acquiring these facts. In the broad sense this 
is true of geometry ; the practical side of geometry, 
however, i.e. the measurement of surfaces and 
volumes, is usually taken up in arithmetic under 
the head of Mensuration, before the formal study 
of geometry is begun. 

The study, then, of deductive geometry is almost 
entirely a disciplinary study, a lesson in logic. 
While each new fact discovered must be remem- 
bered as a basis for the discovery of other facts, yet 
geometry should be studied chiefly not for the facts 
it teaches but for the discipline it affords in appre- 
hending the relations existing between these facts. 
When Euclid's followers were criticised for teach- 
ing that " any two sides of a triangle are together 
greater than the third side," as teaching that which 
even the beasts of the field know, the reply was, 
" We are not seeking to teach facts as much as the 
power to discover facts." Euclid recognized the 
truth that knowledge for its own sake is worth 
while, even if it cannot be used for practical ends. 
The story goes that he was once asked by a pupil 
who had just begun the study of geometry, "What 
do you gain by learning all this ? " Euclid ordered 
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his servant to give him some coppers, "since he 
must have gain out of what he learns." 



Suggestions on teaching Geometry. 

Since the study of geometry is primarily a les- 
son in logic, it follows that the demonstrated propo- 
sitions are not put there simply to be memorized 
and reproduced upon the blackboard when called 
for, but that they serve as models of logical deduc- 
tive reasoning ; and that the student must see them 
as such — see that they follow from definitions, 
axioms, or previously proved propositions. He 
must not only see the logic of the proof given in 
the text, but must discover other proofs, if there 
be such, by making use of other previously studied 
propositions. He must also see that, had a different 
definition been given, or some other proposition 
been known, a different proof might have followed ; 
and thus he should comprehend clearly the com- 
plete dependence of each proposition upon the 
others or upon the fundamental definitions, axioms, 
and postulates. 

But this is not the only end to be sought in 
geometry. Even though the student may have 
proved a proposition in various ways, it may never 
have dawned upon him that each proposition is 
the natural deduction from some proposition, defini- 
tion, or axiom already known, and that it might have 
been discovered by him himself. He is more likely 
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to feel that the whole subject is entirely foreign to 
any of his experiences, and that he has performed 
his whole duty when he has " learned the next two 
propositions" assigned for each day's lesson. In 
this country the study of demonstrative geometry 
is usually put off until the eleventh grade and 
completed in one year, and is too often a case of 
" learning the next two propositions." 

Dr. Young, in his little book on "The Teaching 
of Mathematics in Prussia," ^ — a book that should 
be in the hands of every teacher of secondary 
mathematics, — gives the following geometry les- 
son supposed to be given to a class in the first 
year's geometry, the minimum age for admission 
to the class being eleven years. 

The teacher draws a triangle ABC upon the blackboard, 
and then questions the pupils somewhat as follows, the pupils 
being called on singly by name in. as hvely alternation as 
possible : 

How many angles has a triangle ? 

Name an angle of the triangle ABC. A second. A third. 

The teacher draws and defines an exterior angle CAD. 

Who can draw another exterior angle ? (Done repeatedly 
by various pupils.) 

How many exterior angles can be drawn at one vertex of 
the triangle ? 

How many exterior angles can be drawn altogether? 

What are the two exterior angles at the same vertex called 
with regard to each other? 

What, therefore, do we know as to the magnitude of these 
two angles ? 

1 Longmans, Green & Co., New York. 
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How many exterior angles differing in size can a triangle 
have at most ? 

Why is it customary to speak of only one exterior angle at 
each vertex of a triangle ? 

In view of this custom, how many exterior triangles would 
a triangle be said to have ? 

For convenience, the letter at any vertex shall be used to 
denote the interior angle and the letter primed the exterior 
angle at that vertex. The notion of adjacent angles is sup- 
posed to have been explained earlier in the course. 

What are an interior angle and its adjacent exterior angle 
called' with respect to each other ? 

What theorem holds for two such angles ? 

We wish now to compare the magnitude of an exterior 
angle with that of the two non-adjacent interior angles. For 
this purpose we regard AB and ^C as two non-parallel straight 
lines cut by a third BA ; the last produced forms the angle 
CAD or A'. 

In what positions are A' and B with respect to each other? 
Likewise A' and C ? 

Can therefore A'=BorA' = C? 

To compare the magnitudes of the angles we draw AE 
parallel to BC and divide A' into the angles CAE and EAD, 
which angles we call x and / respectively. 

Since AE is parallel to BC, there is another angle in the 
figure equal to / ; what is it ? 

Why are y and B equal ? Which are the parallels and 
which is the secant line ? 

The teacher marks the equal angles with the same mark. 

Is there also an angle in the figure equal to ;ir ? What is it ? 

The teacher also marks these angles equal angles with the 
same mark, different from that used with the previous pair. 

Why are these two angles equal? Which two lines are 
now the parallels ? Which the cutting line ? 

Since y = B a.nd x= C, how large ]s x+y} 

To what is therefore the angle A' equal ? 
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What theorem have we thus found ? 

The proof is now repeated systematically, first with the 
same figure, then with a different exterior angle of the same 
triangle, or also with an entirely different triangle, something 
as follows : 

The teacher produces BC beyond C and asks : 

What do we assert concerning the exterior angle at C ? 

What auxiliary line do we draw to facilitate the proof? 

What pair of angles are now equal ? Why ? 

(To avoid breaking the main course of thought, the parallels 
and the secant line are not now called for in detail.) 

What follows from the equality ? 

The author says that some pupil is then called 
upon to give the entire proof, and at the next 
lesson the proof is taken up until all the pupils 
are able to give it in a connected way. 

That this kind of teaching is excellent and will 
create a great interest and give that discipline that 
the study of geometry should give, cannot be ques- 
tioned. Several things, however, make everyday 
teaching of this kind impracticable in our schools 
as they are at present organized. Our students 
spend but one year (usually the eleventh grade) on 
geometry. If they have no texts, they can usually 
find the one the teacher is using; for but few of 
our teachers have the time or ability to work out a 
proper sequence of propositions essentially different 
from those of the leading texts. With some text, 
then, those students who want to appear smart 
will be prepared for the development of each new 
proposition. Occasional lessons, however, can and 
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should be given in this way upon the propositions 
of the advanced lesson. 

I think, therefore, that much the better plan is to 
place a well-written text in the hands of the pupil. 
Although much that passes for the teaching of 
geometry when a text is used is merely the train- 
ing of memory, yet a "complete demonstration" 
book does not deprive the pupil of all opportuni- 
ties to think for himself; and when it is properly 
used such a book is to be preferred to a syllabus 
of propositions or a "suggestive plan" book. 

The Study of Demonstrated Propositions. 

Let it not be thought, however, that one is getting 
geometry when he can give back verbatim, in a 
parrot-like, listless way, the proof of the text. 

Lead the pupil to see that in every proposition 
of plane geometry the fundamental operation is 
either a comparison of angles, a comparison of lines, 
a comparison of areas, or a comparison of ratios. 

As each new proposition is studied, let it be 
classified under its proper head, "a comparison 
of angles, " a comparison of lines," etc. Let it be 
understood that these are tools that may be used if 
we are again to compare angles, lines, or areas. 

In taking up the proof in the text-book, I should 
have the pupils tell the fundamental operation, the 
chief tool the author used, and other tools that he 
might have used. I should have them try to dis- 
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cover why the author used the particular tool he did. 
Was it to avoid auxiliary lines, or did it make the 
proof more direct .'' I should have the pupils give a 
proof, requiring the use of other tools, and com- 
pare this with the proof of the text. 

Will this kind of teaching not instill life into a 
class, and not only make geometry more interest- 
ing, but give a grasp of the subject that cannot be 
obtained from the mere memorizing of a text-book ? 

The Study of the "Exercises." 

While the demonstrated propositions, when taught 
as suggested above, afford valuable training, they 
cannot stimulate the spirit of discovery and origi- 
nal investigation as well as the " exercises " found 
in most of our text-books of to-day. 

From the time of its discovery by the Greeks, 
geometry has been looked upon as furnishing a 
peculiar and distinct kind of discipline. Plato 
inscribed above the entrance to his school, " Let 
no one unacquainted with geometry enter here." 
To-day if we are asked why the subject is taught 
in our high schools, we answer glibly that aside 
from the fact that a certain knowledge of geome- 
try, as that concerning areas and volumes, is useful 
and should be known, it is given largely because it 
furnishes almost the only examples of logic in the 
high-school course; that it teaches the student to 
consider carefully given data, and to reason from 
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this to accurate conclusions. Yet whether the stu- 
dent can do this or not depends largely upon how 
the subject is taught. If the student of geometry 
is given an exercise that does not involve familiar 
figures and theorems, although it may be a theorem 
in some other branch of mathematics, he is usually 
helpless in discovering a key to the proof. This 
shows us how much of what we thought in the 
geometry class was the result of reason must have 
been the result of a good memory. Suppose the 
pupil is asked to prove the theorem that " all prime 
numbers are either of the form 6n+ i or 6n— i." 
If he gets a proof at all, there is generally a lack of 
definite, systematic method of attacking it, and one 
is convinced that he is noi being taught " to con- 
sider carefully given data and reason from this to 
accurate conclusions " to the extent that we might 
expect. 

Geometry can certainly be so taught as to secure 
to a very satisfactory degree the desired disciplinary 
value spoken of above ; but I fear that too often we 
are satisfied if the student of geometry can repro- 
duce the book on the blackboard or on paper, and 
possibly be able to justify each statement of the 
text by citing some previously studied proposition, 
axiom, or definition. The excuses one often hears 
in the geometry class that " I can't remember how 
it begins," " I have forgotten the next step," or " I 
don't remember the proposition, but I know how 
to prove it," lead me to believe that with far too 
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many pupils and in too many class rooms the sub- 
ject is more a drill in memory than an exercise in 
logic. Granting, however, that the student does 
see every step in the proof, and sees in the proof 
an example of logical deductive reasoning, the 
method of proof in our texts is necessarily syn- 
thetic, with no hint as to how the proof was dis- 
covered or what suggested the theorems. Unless 
the demonstrated theorems be taken up somewhat 
in the way that has been briefly suggested, the 
student is not gaining the power to solve the vari- 
ous propositions that will present themselves in 
other subjects. 

If the student is to get the greatest educational 
good, discipline in logical deductive reasoning, if he 
is to acquire a spirit of investigation and discovery, 
he must not be hurried through the course, learning 
simply the proofs of the text, but he must supple- 
ment this drill by a great deal of original work in 
various demonstrations and solutions. 



The Method of Attack. 

Happily the exercises (usually called "originals" 
in this country and "riders" in England) cannot be 
grouped into "cases," and methods, rules, or princi- 
ples given, that enable us to solve all of each class 
as was the case in our older arithmetics when we 
came to the subject of percentage. Yet there are 
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certain principles, or methods of attack, that make 
the study of an exercise systematic or scientific in 
the fullest measure ; and unless the student is taught 
to study the exercises in this systematic way — 
unless he is taught to study the exercises from the 
standpoint of analysis and thus discover the possi- 
ble lines of procedure in attacking the demonstra- 
tion — he is not gaining the power that is going 
to help him to study the larger problems of life. 
The student of geometry, when given an exercise, 
should no more fold his arms and try to recall 
"some proposition like it," or leaf through other 
texts hoping to find a proof, than a student of 
botany or chemistry should analyze a plant or find 
the ingredients of a compound by searching in his 
encyclopedia for something that looks like it. He 
ought to have a definite Hne of procedure, and be 
able when a proposition is stated to do something, 
if it is nothing more than to waste paper, just as the 
student of chemistry, when asked to analyze a com- 
pound, would do something if nothing but have an 
explosion. 

While very few rules can be laid down, these few 
give system to our work. Let us notice the general 
lines of procedure. 

I. First, assume that the theorem is true and 
draw an accurate figure, and the accurately drawn 
figure will often suggest a proof. For example, cer- 
tain triangles may appear to be congruent ; if they 
are, this will lead to the discovery of some other 
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relations that make the proof evident ; hence we 
seek to prove these triangles congruent. 

By assuming the theorem to be true is meant 
that if, for example, certain lines or angles are to 
be proved equal, they are to be drawn so. Draw- 
ing an accurate figure means not only that if lines 
are equal, parallel, or perpendicular, they must be 
drawn so ; but also that lines are not to be drawn 
equal, parallel, or perpendicular unless they are 
given so. A triangle is not to be drawn with two 
sides equal unless the theorem calls for an isosceles 
triangle, nor a quadrilateral drawn with any two 
sides equal or parallel unless the exercise calls for 
a special quadrilateral of that kind. An inaccurate 
figure may seem to show relations that do not exist, 
as in the following example taken from Ball's 
" Mathematical Recreations," in which all triangles 
are proved to be isosceles. 




o' ^ 



Given the A ABC, any triangle. 
To prove that ABC is isosceles. 
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Proof. I. Draw FO J- bisector of BC. 

2. Let AO bisect /.A, and intersect OF2X O. 

3. Draw OD and OE X respectively to ^C and AB. 

4. Also draw OC and OB. 

J. Now ■.•/« = /«' (def. of bisector) and OA = OA. 

6. . . ri A DO A &rtA OEA. 

7. .-. AD = AE. 

8. Also OD = OE. 

9. ••• CF = FB (given) and 0F= OF .-. rt A C/?"!?^ 
rif A FBO. 

10. .. OC=OB. 

11. .-. r/ A COi? ^ r/ A OBE. 

12. .-. CZ? = BE. 

13. .-. AD + DE = AE+EB or AC=AB and the A is 
isosceles. 

Or, 

Suppose OA and O^ do not meet. 

1. Then OA II Oi^and .-. OA X CB. 

2. But •.• OA bisects ^A, we would then have two right A 
with acute Za — Za.' and a leg common, therefore congruent. 

3. .•. .<4C= ^5 and the A is isosceles. 

If the figure had been accurately drawn, OF a,nd OA would 
not have met within the triangle. 

2. After the figure has been drawn, ^ei clearly in 
mind just what is given in the figure and just what 
is to be proved ; i.e. the data and the conclusion. It 
is also very important that the student know the 
definition of all terms in the theorem. For example, 
suppose he has the theorem that, 
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All points on the bisector of an angle are equally 
distant from the sides. 

A 




Now instead of the hypothesis and conclusion 
of the theorem the student should follow Pascal's 
advice and "substitute the definition for the name 
of the thing defined" and say, 

Given angle PAP equal to angle PAE, and PF perpen- 
dicular to AB, and /"£ perpendicular to AC. 

To prove that PF=PE. 

3. Next, recall all the propositions that can have 
a bearing upon the exercise under consideration. 
I believe that a great part of the difficulty that a 
beginning student has comes from his not hav- 
ing clearly in mind all these fundamental facts 
that he needs, and in' not having them classified 
so that he can use them. For example, if lines 
are to be proved equal, the student must know 
all the propositions that refer to equal lines, such 
as the corresponding sides of congruent triangles, 
opposite sides of a parallelogram, etc. This in 
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turn necessitates his knowing all the theorems 
concerning triangles, parallelograms, etc., and 
proving the triangles congruent will necessitate 
his proving angles equal, and this Ukewise requires 
the theorems concerning equal angles. Now, to 
get these fundamental facts fixed, I should require 
the student, when first taking up the study of origi- 
nal exercises, to recall with each exercise all the 
propositions that might possibly suggest a proof. 
This review will fix firmly all the fundamental 
theorems in his mind. As an example of this third 
suggestion, suppose we have the theorem that 

The figure formed by joining the middle points, 
in order, if any quadrilateral 4.s a parallelogram. 




B 

Given the quadrilateral ABCD, and EFGH a quadrilateral 
formed by joining the middle points of AB, BC, etc. 

To prove that EFGH is a parallelogram. 

Analysis. When is a quadrilateral a parallelogram ? 

(i) opposite sides parallel (def.). 

(2) opposite sides equal. 

(3) opposite angles equal. 
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(4) two sides equal and parallel. 

(5) the diagonals bisect each other. 

Suppose (i) is chosen, how are lines proved parallel ? 

(a) alternate-interior angles equal, corresponding angles 
equal, etc. 

(f) the interior angles on one side of a transversal supple- 
mentary. 

(c) a line bisecting the sides of a triangle is parallel to the 
base. 

Now (a) and (i) will require all the theorems concerning 
equal angles, as congruent triangles, and parallel lines. In 
the same way (2), (3), (4), and (5) should be taken up. 

The student is now ready, after following each 
suggestion to its limit, to select the tools which it is 
possible to use, as well as those which it is best to use. 
When he has done this for some time, until he has 
"at his tongue's end" all propositions and corol- 
laries that he has already proved, he sees in each 
of the terms involved in a theorem not only the 
one definition of the term, but many, and is able to 
select the particular ones that will lead to a proof. 
For example, he comes to think of parallel lines 
not only as those that do not meet, but also as 
those that make with a transversal equal alternate 
interior angles, equal corresponding angles, or the 
two interior angles on the same side of the trans- 
versal supplementary. He thinks of a parallelo- 
gram not only as a quadrilateral whose opposite 
sides are parallel, but also as a quadrilateral whose 
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opposite sides are equal, two of whose sides are 
equal and parallel, whose diagonals bisect each 
other, etc. He is now in a fair way not only to 
succeed in geometry, but is gaining that spirit of 
self-reUance and that knowledge of his own power 
to do things for himself that will help him in all 
his work. 

4. Having recalled all propositions that can pos- 
sibly relate to the thing to be proved, certain ones 
may be seen to apply, while again none of these 
may come directly under the figure as it is given, 
as could have been shown to be the case with the 
figure just studied. Hence now, and not until 
now, is the student ready to draw, and draw intelli- 
gently, the auxiliary lines needed to make some of 
these theorems apply. For example, questions (4) 
and (c) in the analysis above suggest the auxiliary 
\ms. AC or BD. 

5. Now supposing that we have discovered theo- 
rems that may be made to apply, or by drawing 
auxiliary lines they may be made to do so; we 
reverse the steps of the analysis and give the regu- 
lar synthetic proof. 

6. After carefully analyzing the figure as sug- 
gested above, if no direct proof can readily be 
discovered, then assume the theorem false and by 
analysis prove that the assumption leads to an 
absurdity. This method is called the indirect 
method or reductio ad absurdum. As an example 
of this, take the proposition that, 
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Two triangles are congruent when the three sides of 
the one are equal respectively to the three sides of the 
other. 

In the other two cases of congruent triangles 
that text-books generally give before this one is 
taken up, the triangles have angles in each equal, 
so that, when certain sides are made to coincide, it 
is known where the other sides must fall. In this 
case, however, since nothing is known of the angles, 
we do not know, when equal sides are made to coin- 
cide, where the other sides are going to fall ; hence 
we may assume that they do not coincide, but fall 
as in the figure below, and then prove the assump- 
tion absurd. 



^ ^ 





Proof. I. Place A A'B'C upon A ABC so that B'C 
will coincide with BC, and suppose that A! does not fall 
upon A. 

2. •.■ A'B' = AB, and A'C = AC, .: A A'BA and A'CA 
are isosceles. 

3. .•. the perpendicular bisector of A' A will pass through 
both B and C, which is absurd. 

4. .•. the assumption that A' does not fall upon A is absurd 
and the ^ must coincide throughout, and hence are con- 
gruent. 
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To illustrate in a single exercise the six steps 
that have been discussed, suppose we use the theo- 
rem that, 

If the diagonals of a trapezoid are equal, the 
trapezoid is isosceles. 




1. ••• the trapezoid is to be proved isosceles it should be 
drawn so. 

2. Given the trapezoid ABCD with AC = BD. 

3. To prove that ABCD is isosceles. Now, use Pascal's 
advice and " substitute the definition in place of the name of 
the thing defined," and say, to prove AB = CD. 

4. Analysis. To prove lines equal requires, 

1 . congruent triangles, 

2. parallelograms, etc. 

(a) To prove the triangles congruent requires that we have, 

1. the three sides of one equal, respectively, to the three 

sides of the other. 

2. two angles and a side of one equal, respectively, to 

two angles and a side of the other, or 

3. an angle and two sides of one equal, respectively, to 

an angle and two sides of the other (except in the 
ambiguous case). 
Now the first suggestion under {a) is seen to be impossi- 
ble, and to use the second or the third, we must have equal 
angles ; and to prove the angles equal requires : 
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1. congruent triangles, 

2. vertical angles, 

3. parallel lines. 

(fi) Or if our tool be that of parallelograms ; to prove a 
figure a parallelogram requires : 

1 . opposite sides parallel, 

2. a pair of opposite sides parallel and equal, 

3. opposite angles equal, etc. 

Now, observing our figure, we see that none of 
these theorems can be used as the figure stands ; 
we see therefore the need of other lines, and seek 
to draw some that will give a figure or figures 
that will enable us to use some of the theorems 
recalled. Suppose our proof to be that of con- 
gruent triangles. To get the necessary data in 
order to prove triangle ABC congruent to tri- 
angle BCD, we must have in addition to what we 
already have, angle ACB equal to angle CBD; 
hence we form congruent triangles involving 
angles A CB and CBD. To do this we know that 
two right triangles are congrnent when the hypothe- 
nuse and a leg of one equal the hypothenuse and 
a leg of the other, and that parallels intercepted 
between parallels are equal ; also that perpendicu- 
lars to the same line are parallel ; hence we drop 
from A and D perpendiculars to BC, and prove 
triangles AEC and BFD congruent. Now we 
have angle ACB equal to BCD, and can prove 
triangles ABC and BCD congruent, and hence the 
proposition. 
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Or suppose the theorem is that, 
The medians of a triangle meet in the point of 
trisection farthest from the vertex. 




1. Draw an accurate figure. Now we have 

2. Given triangle ABC and medians AD and BE. 

3. To prove (i) that AD and BE intersect at some point O. 
i.e. prove that AD and BE are not parallel. 

(2) that O is a point of trisection of AD and BE. This 
means either that 

OD = \OA and 0E=\ OB, 

or that 0A = 2 0D and OB = OE. 

4. Analysis. — Since no theorems have been given dealing 
with such relations as one segment half or double another, this 
theorem can only be proved by bisecting OA at R and OB at 
S, or doubling OD and OE by extending OD to M and OE 
to JV, and we now have either of two new conclusions, namely : 

To prove (i) that OA = OM and OB = OJV, 

or (2) that OD = OH and OS = OE. 

Now if we analyze each of these as we did in the 
first example, a number of proofs can be discovered. 
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Then summarizing the steps that should be taken 
in dealing with theorems, we may say : 

1. Assume the theorem true and draw an accu- 
rate figure. 

2. Get clearly in mind the hypothesis and the 
conclusion, being sure to understand the full mean- 
ing of all terms involved, substituting when neces- 
sary "the definition in place of the name of the 
thing defined." In other words, discover the fun- 
damental operation to be performed, which, in any 
theorem of plane geometry, is a comparison either 
of angles, lines, areas, or ratios. 

3. Recall all theorems or definitions that refer to 
the thing to be proved; the equality of angles, lines, 
areas, etc. 

4. If none of these seem to apply to the figure 
as it stands, try to draw auxiliary lines that will 
involve the elements wanted, and that will also give 
a figure to which some of the known theorems will 
apply. 

5. If successful, then reverse the process, and 
give the regular synthetic proof. 

6. But if a direct proof is difficult to find, then 
assume the theorem false, and show that such an 
assumption leads to an absurdity. It might also 
be well to call attention to the fact that a converse 
proposition is generally more easily proved by the 
indirect method, or reductio ad absurdum. 
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The Solution of Problems. 

The solution of a problem, together with the 
discussion of 
(i) the number of solutions in general; 

(2) the relations existing in the data that give 
a definite number of solutions ; 

(3) or an indefinite number of solutions ; and 

(4) that make the solution impossible, 

is an excellent supplement to the discipline obtained 
from the demonstrations of theorems. Such dis- 
cipUne ought to give strength and self-rehance 
that will better prepare one to solve the various 
problems that may arise in other subjects, for the 
manner of approaching the solution of a problem 
is the same in all subjects: it is approached through 
analysis. 

1. In seeking a key to the solution of a geo- 
metrical problem, in order to aid the analysis, it is 
generally best to assume the solution performed and 
from the elements of the figure recall some known 
relations that have already been proved. .Having 
discovered enough of these relations, make the 
construction depend upon them. 

2. In beginning the study of problems already 
solved in the texts, the student should be made to 
know at once that all solutions must depend upon 
some known theorem or theorems, and that these 
should be recalled. I should have the student recall 
other theorems, if such exist, that might suggest a 
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solution other than the one given in the text. The 
student must see not only that to solve a problem 
he must be able to recall some known proposition 
that makes the construction evident, but he must 
see also that all problems must be reduced to one 
or both of two fundamental problems : 

I. to draw a straight line between two points, or 

II. to describe a circle of a given radius about a 
given point as center. He must see, moreover, that 
the required points are found by the intersection of 
two lines, straight or curved ; and hence that almost 
every solution must depend upon the intersection of 
certain loci. 

3. The simplest and most common problems of 
elementary geometry are those in which the analysis 
leads to the discovery that the points wanted are 
on certain loci, hence at their intersection. This 
method is called the intersection of loci. To illus- 
trate : 

To describe a circle of given radius to pass through 
a given point and cut off equal segments from two 
parallel lines. 
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Now, this depends upon finding the center of 
the circle — a point. The analysis leads to the 
discovery that the center of this required circle is 
the intersection of the locus of points equidistant 
from two parallel lines, and of the locus of all points 
equidistant from the given point ; that is, of a 
straight line and a circumference. Since, in gen- 
eral, a straight line will cut a circumference in two 
points, two solutions are possible. The student 
should also discuss the other cases, when but one 
solution is possible, and when the solution is 
impossible. 

Or suppose we are 

To construct a triangle having given a side, the 
angle opposite, and the median to that side. 
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Having a side given, the problem is reduced to 
finding the third vertex — a point. 
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Now our analysis leads to the discovery that the 
required point is on the locus of points from which 
the given line BC subtends the given angle A, and 
also that it is on the locus of points at a given dis- 
tance fHa from a given point D, the mid point of 
BC. Knowing what these loci are, the solution is 
evident. 

The method of intersection of loci is used to such 
an extent in constructive geometry that the student 
ought to be made familiar with the common theo- 
rems of loci, and have them fresh in mind when 
taking up this subject. 

While I am aware that most students go through 
some sort of analysis without perhaps being even 
conscious of it, I am sure that the most good will 
come from the course if the student is made to 
realize that there is a systematic analysis involved 
in every discovery of a solution, and if he is re- 
quired to begin all solutions either written or oral 
by giving the analysis that led him to see the solu- 
tion. 

4. It will often occur that the analysis of a figure 
will not reveal any known relations that will give 
the means of determining the required points with- 
out drawing auxiliary lines that will transform the 
given figure into a new one involving certain ele- 
ments of the old, just as was done in the case 
of theorems. This might be called the method 
of transformation. Just as the most difificult theo- 
rems were those that had to be transformed by 
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auxiliary lines, so will this class of problems give 
the most trouble, and the skill to see the needed 
auxiliary lines will largely determine a student's 
success with exercises of this sort. 

As an example, suppose we are 

To construct a triangle having given two sides 
and the median to the third side. 



Now the simple figure with the median drawn 
gives no way of determining the points A and B 
when C is chosen ; but, by continuing the median 
CM to C, making MO = MC, the solution becomes 
evident, and depends upon constructing a triangle 
whose sides are the two given sides and twice the 
median. This construction gives a second vertex, 
A, from which B can be found by drawing AB 
through M, making MB = AM. 

S. The auxiliary lines needed to transform the 
figure into a new one, however, are usually drawn 
parallel to lines in the original figure, «.^.. certain 
lines are considered to be moved parallel to them- 
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selves, called translated, thus giving a new figure 
which involves elements of the old and which 
makes the solution evident. Such a method of 
solution is called the method of parallel translation. 

As an example, suppose we are 

To construct a trapezoid having given the diago- 
nals, the angle made by them, and the sum of two 
adjacent sides. 




-i^O' 



Assuming the problem solved and the trapezoid 
to be ABCD, we get no relations from the figure as 
it stands that show where to intersect the diago- 
nals or where to draw a side if a diagonal is fixed ; 
hence we must transform the figure by auxiliary 
lines. Drawing through A, AB' parallel and equal 
to DB, and through B' , B'C parallel and equal to 
AC, it can easily be proved that the side AB of the 
trapezoid coincides with the diagonal of the paral- 
lelogram thus formed, and the solution is evidently 
as follows : 
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1. Mark off on any straight line a length equal to AC. 

2. Construct with A as vertex and with AC as one side, an 
angle equal to ^ « , and let the second side be A3', equal to 
DB. 

3. Construct the O AS'C'C. 

4. Draw diagonal AC. 

J. Mark off AjE equal to the sum of the two adjacent sides. 

6. Connect C and E. 

7. Erect FB the perpendicular bisector of CE cutting AC 
iaB. 

8. Draw BZ> II AB' and equal to B£>, and connect the four 
vertices A, B, C, and D, and the trapezoid will be the one 
required. 

Now a proof and a general discussion of the 
special cases should follow. 

A more simple illustration of parallel translation 
is given in the problem, 

To join A and B, two points, exterior to two 
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parallels L and L', and on opposite sides of them, 
by the shortest broken line which shall have the in- 
tercept between the parallels perpendicular to the 
parallels. 
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To solve the problem one of the intersections 
with the parallels must be found. Now if the 
parallels L and L' be translated parallel to their 
original position to the positions L" and L'", keep- 
ing their original distance apart, it is evident that 
AA'B is the shortest distance between A and B, 
AA' being perpendicular to L" and L'" . It is also 
evident that N, where A'B intersects L', must be 
the point where the required line intersects L' and 
the solution is now seen. 

Another interesting example of parallel transla- 
tion is found in the following problem : 

From a ship two known points are seen under a 
given angle ; the ship sails a given distance in a 
given direction, and now the same two points are 
seen under another known angle. Find the two 
positions of the ship. 



3^ 
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Analysis. — Let the given points be C and D, the given 
distance and direction be represented by d, and the given 
angles be A and B. It is evident that one position of the 
ship must be on the arc of a segment of circle O, constructed 
on chord CD, and containing angle A ; and that the other 
position is on the arc of the segment of circle C, con- 
structed on chord CD, and containing the angle B. Now 
since the position on circle O is on circle O' after travel- 
ing the distance d in the given direction, it is evident that if 
we translate the circle O this distance and in this direction the 
intersection of the two will give the second position of the 
ship, and the point of intersection on circle 0, when translated 
back to the first position, will be the other position ; hence P 
and P are the positions sought. 
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6. While nearly all problems are finally solved 
by the first method given, i.e. by the method of 
intersection of loci, still it often occurs that before 
one finds the required loci a difficult analysis has 
to be performed, and then the method of attack is 
called simply the method of analysis, which, in 
reality, is the fundamental method involved in the 
search for a key to the solution of any problem. 
As a problem of this kind, let us suppose that we are 

To draw a circle whose circumference shall pass 
through two given points and also be tangent to a 
given straight line. 

L 
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Suppose A and B to be the given points, and L tlie given 
line. Now if A and B be joined and this line extended to 
meet L in O, it is known that the square of the segment on L 
from O to the point of tangency of the required circle is equal 
to the product of the segments OA and OB ; but it is known 
that this is also true of the length of the tangent from O to 
any circle through A and B ; hence one has simply to describe 
any circle through A and B and draw from O a tangent OD to 
this circle, and then OP on L, and equal to OD, will give the 
point of tangency P on the given line, and the center of the 
required circle is easily determined. 

Again, to " assume the problem solved " will not 
always give a figure that will lead to the discovery 
of the solution, nor can the proper auxiUary lines 
always be readily seen. In a case of this kind, one 
can, without a figure, simply recall theorems that 
relate to the thing wanted. For example. 

To describe a circle passing through two given 
points and cutting off from a given circle an arc of 
given length. 

In this case a figure does not materially help us. 
We know without a figure that we must find two 
points on the given circle and a given distance 
apart, that are concyclic with the two given points. 
We recall the theorems referring to concyclic points. 
If we recall the theorem that, if two points are taken 
on each of two rays of a pencil such that the rec- 
tangle contained by the segments of one from the 
vertex is equal to the rectangle contained by the seg- 
ments of the other, the four points are concyclic; and 
the related one that, if a pencil of rays cuts a circum- 
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ference, the rectangle contained by the segments from 
the vertex is constant whatever ray may be taken, 
together with certain more elementary problems, 
the solution becomes evident, and is as follows : 




1 . Let O be the circle and C and D the points, and AB 
the arc. 

2. Draw through DC any circle cutting the given circle O. 

3. Draw the secant DC and the common secant to the two 
circles and let them meet at E. 

4. Now it is evident that any secant of O through E will 
cut O in points concyclic with C and D. 
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5. But the required secant must cut the circle O so that 
the intersected arc will equal the arc AB, hence the required 
secant must be tangent to a circle concentric with and 
tangent to' chord AB, and since from point E two tangents 
can be drawn to this circle, two solutions are possible. 

Since no two problems are solved alike, the power 
to attack an exercise successfully comes from a 
great deal of practice, coupled with close observa- 
tion of the method by which each exercise was 
studied, rather than from the study of the few 
methods given here ; but I believe that if a stu- 
dent has had his attention called to these general 
methods, he will become much stronger and more 
self-reliant, and be able, to a larger degree, to 
handle the problems of any other department of 
school instruction or the problems that come up 
in daily Hfe. 
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DEVELOPS SKILL IN 

THE BEST METHOD OF ATTACK 
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I. 

It shows the pupil at once the parts of a proposition and the 
nature of a proof. Sections 36, 39, 40. 

II. 

It introduces " original exercises " early, and gives such aid as 
will lead the student to see how each proof depends upon some- 
thing already given. See pages 17-18. 

III. 

It begins very early to leave something in the proof for the 
student to do. See section 51 and throughout the book. 

IV. 

The converse propositions are generally left to the student. The 
"indirect method " is used in those first proved and thus gives a hint 
as to how such propositions are disposed of. See page 21. 



A large number of the simpler propositions, even in the first book, 
are left to the student with but a hint. See pages 50, 51, 52, etc. 

VI. 

Figures with all auxiliary lines are made for each exercise until 
the student learns why and how they are drawn. 

VII. 

After Book I the authority for a statement in the proof is not 
stated, but the question mark used or the section given. 
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Fact 



The Wells books are better suited to the 
needs of all classes of students and 
teachers than any other series of mathe- 



matics now published. 



Cause 



^ ^ ^ 

Their perfect adaptability to school con- 
ditions, emphasis given to essential 
principles, consistence in treating each 
subject, scholarly development of theory, care- 
ful grading, logical arrangement, and scientific 
accuracy. 

^ ^ ^ 

Students using them pass better en- 
trance examinations to colleges than 
those who use any other books. Hun- 
dreds of teachers testify to their unequalled value 
as practical class-room texts. Where they are 
adopted they stay. 



Proof 
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THE SKILFUL GRADATION 
OF ORIGINAL WORK 

IN 800 EXERCISES 

Is A Marked Feature of Wells's 
Essentials of Geometry 



As soon as the art of rigorous logic is acquired, the simpler and 
more axiomatic steps are omitted from the given proof, and 
the student is required to supply them for himself. Ample 
opportunity for originality of statement is afforded, but no inaccuracy 
permitted. The inventive powers are called into play without opening 
the way for loose demonstration. As power of independent thought 
and reasoning grows, the student is given fewer helps, and finally, is 
entirely dependent on himself to make his constructions and prove his 
propositions. 

STURDY SELF-RELIANCE, 
RESOURCEFULrffiSS, 
AHD INGENUITY, 
ARE THE RESULTS. 



I commend particularly that I like (he original exercises 

feature of the Geometry in which which are not at first too difficult, 

the details of proof are left grad- but by their gradation encourage 

ually to the pupil. and stimulate. 

GEO. BUCK. G. K. BARTHOLEMEW. 

Steele High School, Dayton, O. English School, Cincinnati, O. 
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Superior 



(i) in general excellence 
(2) in special fitness for use 

Central High School, 
Philadelphia, Pa. 
I have examined, with interest and appreciation, Wells's Essen- 
tials of Geometry both with reference to its improvements over his 
former edition and also with reference to its excellence when com- 
pared with others of the present date. I have no hesitation in 
saying that it seems to me superior both in general excel- 
lence and special fitness for use in the schoolroom, to any which 
I have seen. George W. Schock, 



Professor of Mathematics. 



Superior 



(i) in the order of theorems 

(2) in the proof of corrollaries 

(3) in the grading of the original exercises 

(4) in the opportunity for original work 

Boys' High School, 
Brooklyn, N. Y. 

In the order of theorems, the proof of corrollaries, the grading of 
the original exercises, in the diagrams for the exercises, and in the 
opportunity for original work, Wells's Essentials of Geometry is 
notably superior. C. A. Hamilton, 

Instructor in Mathematics. 



Decidedly the Best 



Central High School, 
Cleveland, Ohio. 
Wells's Essentials is decidedly the best geometry for general 
school work so far published. 

Walter D. Mapes, 

Instructor in Mathematics. 



THREE (3) POINTS 

FROM MANY IN WHICH 

WELLS'S ESSENTIALS OF 
GEOMETRY 

EXCELS : 

Accuracy 

No other Geometry is so free from ambiguous and loosely 
constructed statements. Every definition and demonstra- 
tion has been subjected to rigorous criticism in order to 
secure clearness, brevity and absolute accuracy. 

Adaptation 

to the needs of beginners. The difficulties that confront 
the pupil are recognized and met in such a way as to arouse 
his interest and enthusiasm. Propositions and original 
exercises are presented in a manner at once more teachable 
and more educative than ever before attempted. 

Adequacy 

to the demands of the colleges and technical schools. The 
entrance requirements are heeded, both in letter and spirit, 
without sacrifice of organic unity. 

r I. Accurate for Everybody 
Summary "\ 2. interesting to Pupils 

(^ 3. Satisfactory to Teachers 

No teacher in search of the best and most practical text on 
Geometry can afford to disregard the merits of Wells^sr Essentials. 
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WELLS'S COMPLETE TRIGONOMETRY 

In this new Trigonometry many improvements have been made, 
notably in the proofs of several of the fvmctions, in the general demon- 
strations of the formulae, in the solution of right triangles by natural 
functions, etc. The book contains an unusually large number of ex- 
amples. These have been selected with great care, and most of them 
are new. The Table of Contents shows its scope : 

CHAPTER I. — Trigonometric Functions of Acute Angles. 

II. — Trigonometric Functions of Angles in General. 

III. — General Formulae. 

IV. — Miscellaneous Theorems, including Circular Measure of the Angle j 

Inverse Trigonometric Functions ; Line Values of the Six Func 

tions J Limidng values of and .^— 

X X 

V. — Logarithms (Properties and Application). 

VI. — Solution of Right Triangles ; Formulae for arcs of Right Triangles. 
VII. — General Properties of Triangles ; Formulae for arcs of Oblique 

Triangles. 
VIII. — Soludon of Oblique Triangles. 
IX. — Geometrical Principles. 
X. — Right Spherical Triangles (Solution). 
XI. — Oblique Spherical Triangles ( General Properties, Napier's Ana- 

logieSy Solution). 
XII. — Applications, Formulae, Answers, Use of Tables. 

Attention is particularly invited to the following features : 

I. The prooft of the functions of 120°, 135°, 150°, etc. 

a. The prooft of the functions of ( — A) and (90° ■\- A) in terms of those of A. 

3. The expression of the function of any angle, positive or negative, as a fiincdon 

of a certain acute angle. 

4. The general demonstration of the formulae tan*" = and 

COSAT 

sin**- -f- cos^a: ^ I. 

5. Also of ZQtx=. , seco^ = i -f- tan=^ and csc2df=: \ JL.xm\?x 

6. The prooft of the formulae for sin( x -f-J' ) and vys,^x-\- y ) when x and y 

are acute, and when *■ -|- _y is acute or obtuse. 

7. The proofs of the formulae, tan - X ^ — '^°^ and cot i « = ' + '^°"'„ 
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8. The solution of right triangles by Natural Functions. 

9. The solution of quadrantal and isosceles spherical triangles. 
10. The solution of oblique spherical triangles. 

The results have been worked out by aid of the author's New 
Four Place Tables. 

Complete Trigonometry, Half Leather, is8 pp. go cts., with Four Place Tahles,$i.o8. 
Plane Trigonometry, Chapters I-VIII, 100 pp. 60 cts., with Four Place Tables, •J^cts. 
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lowed. It is simpler and more logical. 

The latter chapters present such advanced topics as compound 
interest and annuities, permutations and combinations, continued 
fractions, summation of series, the general theory of equations, 
solution of higher equations, etc. 

Great care has been taken to state the various definitions and 
rules with accuracy, and every principle has been demonstrated 
with strict regard to the logical principles involved. 

The examples and problems are nearly 4,000 in number, and 
thoroughly graded. They are especially numerous in the impor- 
tant chapters on factoring, fractions and radicals. 

The New Higher Algebra is adequate in scope and difficulty to 
prepare students to meet the maximum requirements in ele- 
mentary algebra for admission to colleges and technical schools. 
The work is also well suited to the needs of the entering classes 
in many higher institutions. 
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